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Project description

In a network, greedy, independent agents aim to minimise their own personal cost (such
as travel time between source and destination) without regard to wider, societal impacts of
their behaviour. The inefficiency due to this behaviour can be studied through such measures as the price of anarchy, which is the ratio of the cost of the worst-case Nash equilibrium
to that of the optimal flow. One application of this game theoretic analysis is in allowing
network operators to charge users equitably and profitably for multicast traffic sent through
their networks, because multicast traffic along a link cannot be simply attributed to one particular user. The aim of the project is to extend and modify existing models of multicast pricing, to improve the resultant societal cost even with greedy, independent agents and their
applicability to real-world multicast uses. Theoretical properties, such as time and network
overhead complexity, will be examined to determine the tractability of the models.
1
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Paper summaries
Algorithms, Games and the Internet [35]

This paper surveys the current open problems that lie at the intersection of the Internet,
game theory and economics. The author notes that the Internet is particularly open to being
analysed in terms of game theory due to its participants that have diverse economic interests.
Open problems (at the time of writing of the paper, which may have been resolved by now),
include computing a mixed Nash equilibrium in polynomial time, finding an optimum solution to the multi-commodity flow problem with coalitions of allied players, and an estimation
of the price of anarchy of the structure of the Internet. These problems are the open problems
in this particular area of research, and this paper helps set the context for my project, as well
as provide useful definitions and linkages between the various incremental results.

2.2

A Class of Games Possessing Pure-Strategy Nash Equilibria [37]

This work is a seminal work for the existence of pure Nash equilibria for non-cooperative
games. The author begins with defining a congestion game, and provides examples. The
work is interesting because it sets the scene for the frustration that later authors, such as in
[10], have with the non-constructive nature of many Nash equilibrium existence proofs.

2.3

The Complexity of Pure Nash Equilibria [10]

The paper begins by noting that the Nash equilibrium existence theorem is non-constructive,
and Nash equilibria tend to be difficult to find in practice. The paper describes a certain class
of games that converge to a Nash equilibrium, when given a suitable potential function.
However, it warns against exact potential function games, as they are isomorphic to congestion games, for which there is no known polynomial-time algorithm. This paper is relevant
to the project, because it is useful in understanding other papers that use such potential functions in their proofs, such as [6], and in general, for useful analysis to be able to be performed
on a system, it must first be shown to converge.

2.4

How Bad is Selfish Routing? [42]

The work demonstrates that, for a restricted case (where edges have a linear cost function), the price of anarchy is at most 43 , and for the general case, the cost of the Nash equilibrium is at most that of an optimal flow forced to route twice as much traffic. For both of these
cases, it is assumed that each agent controls a negligible amount of flow; that is, the results
are the limit of the multicast routing problem as the number of users approaches infinity.
However, this assumption is unrealistic, and the work then progresses to prove analogous
results for the finite case. This work is relevant as it is the seminal work on the application
of the price of anarchy to study network flows, and one can garner the general techniques
and concepts from it. However, it does not have direct applicability to the multicast pricing
problem, because the edge costs are taken to be a non-decreasing function and the graphs
contain only single source-destination pairs.
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Min-Cost Multicast of Selfish Information Flows [24]

This work analyses optimal multicast flows in two cases: where edges do not have capacity limits and where edges do have limits. In the first case, the author shows that the
Shapley value cannot enforce optimal multicast flows. The author then formulates a pair of
primal and dual linear programs, and shows that the Nash equilibrium corresponds to an
optimal multicast flow and achieves a balanced budget. In the second case, because optimal
flow is not enforced, the author proposes a system of taxes that are later refunded to achieve
the desired result. The author then discusses methods of optimising the exponentially large
linear programs, by using Lagrange relaxation and the subgradient method. This paper is
interesting because it achieves the desired outcome (Nash equilibrium with optimal flow)
using linear programming, which distinguishes it from all the other papers so far. The idea
of refundable taxes adds another layer of control that can be experimented with in other
models that have not yet had taxes applied. Furthermore, the linear programming reduction
techniques are useful in the practical realisation of any large theoretical models.

2.6

Non-Cooperative Multicast and Facility Location Games [6]

The work considers the multicast model with selfish players, but the novelty is that it
considers the problem using best-response dynamics, whereby the players are introduced to
the system one by one. Assuming that the cost of an edge is evenly split amongst its users,
the authors derive upper limits for the price of anarchy for two cases: integral (unsplittable)
and fractional (splittable) flow. The authors resort to the technique of level trees to obtain
the upper bounds, and use a reduction from 3SAT to obtain NP-hardness. This paper is
relevant because it establishes the societal cost with assumptions that are relevant to multicast
routing, and it sets the backdrop of further improvements in the bound or the motivation to
introduce economic incentives. An interesting open question noted is the existence of the
Nash equilibrium for the weighted integral multicast game.

2.7

Sharing the Cost of Multicast Transmissions [12]

This paper discusses two decentralised cost-sharing mechanisms for multicast transmissions, namely marginal cost and the Shapley value. Economic considerations, such as No
Positive Transfers (NPT), Voluntary Participation (VP), Consumer Sovereignty (CS), budgetbalance and efficiency, together with strategyproofness (where there is a disincentive for an
agent to lie about its utility function), restrict consideration to these two mechanisms. However, because of the quadratic number of messages that need to be sent, the authors state that
the Shapley value is infeasible as a cost-sharing mechanism due to its overhead. Furthermore, the authors examine a multicast tree that emphasises optimality over stability and find
that it is NP-hard to approximate within a constant ratio. This work is noteworthy because
of the constraints it sets upon cost-sharing mechanisms (economic factors and network complexity) to arrive at a recommendation for the marginal cost method. It would be interesting
to see the result of the selected relaxation of these factors. A potential research question
arising from this paper is whether the quadratic network complexity of the Shapley value
is truly a limiting factor, given the high bandwidth of today’s networks. Furthermore, the
algebraic technique in the proof of the lower bound for the Shapley value is applicable for
similar proofs.
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