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Abstract

In a network, greedy, independent agents aim to minimise their own personal cost (such as
travel time between source and destination) without regard to wider, societal impacts of their
behaviour. The inefficiency due to this behaviour can be studied through such measures as the
price of anarchy, which is the ratio of the cost of the worst-case Nash equilibrium to that of the
optimal flow. One application of this game theoretic analysis is in allowing network operators
to charge users equitably and profitably for multicast traffic sent through their networks, be-
cause multicast traffic along a link cannot be simply attributed to one particular user. The aim
of the project is to extend and modify existing models of multicast pricing, to improve the re-
sultant societal cost even with greedy, independent agents and their applicability to real-world
multicast uses. Theoretical properties, such as time and network overhead complexity, will be
examined to determine the tractability of the models.
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1 Introduction

The Internet is fertile ground for the intersection of theoretical computer science and the eco-
nomic notions of game theory, as introduced by von Neumann and Morgenstern. As it is a network
of wildly diverse users, some in competition and others in collaboration, game theoretical analysis
of the Internet sheds light on the inefficiencies caused by the primacy of self-interest, and economic
measures that can be deployed to encourage selfish individuals to behave in a socially optimum
way without the need for centralised control [14]. Other aspects of game theory that impact on
concepts in computer science include auctions and mechanism design, where the aim is to create
a game with desired outcomes [12].

We begin by describing the price of anarchy, which is a measure that captures the inefficiency
of selfish routing over the socially optimum behaviour. Various results, depending on the underly-
ing properties of the network, in particular, the steepness of functions used to attribute cost, have
been proved in the literature. Secondly, we examine proposals for charging users for the use of a
multicast stream that alleviate the inefficiencies posed by selfish routing, as a particular subprob-
lem in the field. Thirdly, we consider the types of games where a Nash equilibrium exists, and the
computational complexity of computing them, as their study would be fruitless if they did not exist,
or at least could not be computed. Finally, we briefly summarise some of the notable techniques
used in some of the proofs in the literature.

2 The Price of Anarchy

2.1 The Price of Anarchy on a Traffic-Based Model
2.1.1 The Model

We first describe a network model that has been used as the basis for several results about the
price of anarchy, as formulated in [17]. In a network G, there are source-destination pairs {s;, ;},
called commodities, between which the network must route r; units of traffic. For any commodity
i, there may be several paths to choose from, and traffic may be split between these paths. Flow
is the aggregation of the routes chosen by a large number of agents, and each agent is assumed to
control a negligible amount of flow. A flow is said to be feasible if for all 7, all required units of traffic
are routed, that is:

Y fe=ri )

Pe2p;

Edges have an associated cost function c.(-) that may depend on the amount of flow on the edge,
and the cost of a path P is denoted by cp. If fp is the amount of agents using path P, and f, is the
amount of flow using paths that include the edge e, then we can say that the total cost of a flow f is:

C(H)= ) cp(Nfp =) celfe)fe @

Pep ecE
An instance is a triple of the form (G, r, ¢).

2.1.2 Nash Equilibrium

In general, a game consists of n players, and player i may choose from a set of strategies S;
[14]. Each player has a payoff function u; : S; x --- x §; — R that measures the amount that player
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i obtains given the strategies chosen by the other players as well. Rational behaviour is deemed to
be one in which no player has incentive to deviate, and this is the Nash equilibrium. Formally, it is
a combination of strategies x; € Sy, ..., x, € S, for which u;(xy,...,xi,...,X,) = ui(xl,...,x;.,...,xn)
for all i and x; € S;. Specifically, flows at Nash equilibrium are flows such that if an agent were to
switch paths, its cost would only increase.

2.1.3 Price of Stability and Price of Anarchy

The price of stability is defined as the ratio between the best flow at Nash equilibrium and that
of an optimal flow [8]. This has a natural interpretation, as game theory, in particular, mechanism
design, was used early on to design strategies in games to create certain desired outcomes.

With structures like the Internet, however, where the network was not designed, but instead
evolved, a different measure of the anarchy that would result from the lack of centralised control
was needed. The price of anarchy is defined as the worst-case ratio between the cost of a flow at
Nash equilibrium and that of an optimal flow [18, 7]:

C(f
C(f")

p(G,r,c) = (3)

2.1.4 Bounds on the Price of Anarchy

[18] proves that for edge cost functions of the form c.(x) = a.(x) + b, for some a,, b, = 0, the

price of anarchy is:
4
MGndsg 4

This cannot be improved, as demonstrated by Pigou’s Example, which has a price of anarchy of
4/3.

Further from linear edge cost functions, the paper then demonstrates that if .#), is the set of
instances with cost functions that are polynomials up to a degree of p, then the price of anarchy is:

sup p(G,r,c)=0 (L) (5)
(G105, Inp

However, for more general sets of functions, we introduce the concept of the anarchy value,
which, for a set, captures how ill-behaved a set of allowable functions is. If c is a cost function, the
anarchy value of c is defined, in [17], to be:

r-c(r)

Md:ﬁgbvdm+u—xn0) ©

If €6 is a set of cost functions, then the anarchy value of € is:

a(€)= sup alc) (7
0#ce¥

This is useful for characterising the price of anarchy for general sets of allowable functions. If €
is a set of cost functions with anarchy value a (%), and (G, r, ¢) is an instance with cost functions in
%€, then:

o(G,1,0) < a(®) 8
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In general, this can be unbounded; that is, the cost of the Nash equilibrium can be arbitrarily
worse than that of the optimal flow.

2.1.5 Bicriteria Bound in General Networks

[18] proves that if f is a flow at Nash equilibrium for (G, r, ¢), and f* is feasible for (G, 2r, ¢), then
C(f) = C(f™); that is, a flow at Nash equilibrium is no worse than an optimal flow forced to route
twice as much traffic.

2.1.6 Marginal Cost Function

[17] defines a marginal cost function (which captures the cost for new flow, as well as the addi-
tional congestion costs for existing traffic) for a differentiable function c:
*

c*= i(x- c(x)=cx)+x-c'(x) 9
dx

The work shows that a flow f feasible for an instance (G, r, ¢) is optimal iff it is at Nash equilibrium
for the instance (G, r, ¢*), a result which relates the optimal and Nash flows.

2.2 Variations on the Traffic Model
2.2.1 Non-atomic Congestion Games

Non-atomic congestion games (NCGs) are a generalisation of the above traffic model onto
games that do not involve networks. [19] demonstrates that many of the above results carry through
to NCGs. This result is interesting, because the non-atomic congestion game is the limit of the gen-
eral congestion game as n, the number of players, goes to infinity.

2.2.2 Approximate Nash Flows

A flow f feasible for an instance (G, r,c) is at e-approximate Nash equilibrium if the cost of
a path is smaller than a factor of (1 +¢€) of any other path for that commodity. [18] extends the
previous result for networks with linear cost functions to show that the price of anarchy is (tightly)
bounded from above by:

4+4e "
C(f)Sﬁ-C(f ) (10)

2.2.3 Atomic Selfish Routing

In comparison to the traffic routing model, we now have a finite number of agents, each of
which controls a non-negligible amount of flow. There are two cases:

e Splittable flow:

- The difference between this case and the traffic routing model is that in the atomic split-
table case, the agents will not take into account the congestion it causes for its own traf-
fic.
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- In [18], it was shown that the bicriteria bound and the upper bound on the price of
anarchy both extend to the atomic splittable case.

e Unsplittable flow:

— In [18], the bicriteria bound and the upper bound on the price of anarchy both do not
extend to the atomic unsplittable case.

— However, the best Nash flow obeys both, subject to certain constraints regarding the
cost functions and all commodities share the same source vertex).

— In [2], the authors were able to further this work and find expressions for the price of
anarchy for the general network case for unsplittable flow.

+ For linear latency functions, for weighted demand, the price of anarchy is %ﬁ for
pure and mixed strategies, and for unweighted demand, the price of anarchy is 2.5
for pure strategies only.

+ For polynomials of degree d latency, the price of anarchy is d®@ for pure and

mixed is bounded from above by 02%d%*1y and from below by Q(d'?),

3 Charging for Multicast

3.1 Multicast

Traditional Internet routing is based on unicast, where for each receiver, one stream of data is
sent from the source. This can result in duplication of data, especially when the same information is
sent down the same link twice. Multicast alleviates this problem by building a tree, typically to min-
imise the multicast rate or to minimise the multicast cost. When confronted with self-interested
agents, the selfish multicast problem is one of designing economic incentives so that self-interested
participants are guided to behave in a way that leads to the social optimum. Crucially, the differ-
ence between selfish multicast routing and the selfish routing model presented above is that in this
case, per-user costs for an edge are typically non-increasing in the number of users of the edge.

3.2 Selfish Users

[3] models a selfish multicast game in which the cost of each edge is split evenly between those
who use it; this is based on the Shapley value [20]. Players are added one-by-one into the network,
and they use best response dynamics to pick the path to the source. There are two cases top con-
sider, the integral (unsplittable) multicast case, and the fractional (splittable) multicast case.

3.2.1 Integral Multicast Game

The paper presents a proof that the price of anarchy of a Nash equilibrium obtained from best
response dynamics has an upper bound of:

O(v/nlog? n) (11)
and a lower bound of:
( logn )
Q—— (12)
loglogn
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3.2.2 Fractional Multicast Game

The price of anarchy of a Nash equilibrium in this case has an upper bound of:

O(logn) (13)

3.3 Incorporating Receivers’ Utilities

In [5], we have the added consideration of factoring the users’ utilities, u, of participating in
the multicast transmission. A cost-sharing mechanism is a pair of formulas that calculate x(u), the
cost that an agent or user has to pay for participation in the network, and o (u), a binary vector that
indicates whether a user is included or not. There are several desirable properties for the choice of
mechanism:

e Strategyproofness

No Positive Transfers

Voluntary Participation

¢ Consumer Sovereignty

Budget-Balance

Efficiency

However, there are complications caused by combinations of these properties; for example,
there is no strategyproof mechanism that is both budget-balanced and efficient [10]. These consid-
erations suggest only the Marginal Cost mechanism, which is based on the marginal contribution
to the overall welfare provided by a user having non-zero utility for the transmission, and the Shap-
ley Value mechanism [20], which is based on sharing the cost of a link by those users downstream
from the link. The Marginal Cost mechanism needs only a linear number of messages, while the
Shapley Value mechanism requires a quadratic number of messages for communication.

3.4 Selfish Information Flows

Selfish information flows, as described by [1], assumes that each part of the flow (which would
correspond to a single packet) attempts to minimise its own cost as it travels through edges of vary-
ing weights, instead of minimising the cost from the users’ perspective. In [8], two cases were stud-
ied for selfish information flows: the uncapacitied and capacitied networks.

3.4.1 Uncapacitied Networks

The Shapley value-based cost sharing does not enforce min-cost multicast flows, because the
Shapley value is inherently a local cost sharing method. Instead, a pair of path-based LPs were
formulated, assuming the unique replicable and encodable properties of information flows. The
solution of the LP gives the shadow prices, which intuitively measure the amount that the objective
function will grow if a constraint is relaxed by one unit. The shadow price method guarantees a
price of stability of 1, but the price of anarchy is only 1 in specific examples, for example, where we
adopt a two-tier charging scheme.
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3.4.2 Capacitied Networks

The LP is modified to include constraints relating to finite edge capacities, and a vector ¢ in
the dual, that represents the taxes on edges. The addition of taxes, which can then be refunded,
guides the formation of an equilibrium, and results in a strategyproof system, where edges have
no incentive to lie about their cost. After the taxes are removed, the multicast flow is still at Nash
equilibrium, and budget-balance is still maintained.

4 Existence and Computational Complexity of Nash Equilibria

4.1 Classical Results

Nash proved that all games have mixed Nash equilibria [11]. His proof was based on Kakutani’s
fixed point theorem [6], which is a generalisation of Brouwer’s fixed point theorem. The proofs
were all non-constructive proofs, and did not give any insight into how one might construct such
equilibria [13].

Closer to the selfish routing problem, Rosenthal, in a seminal paper [15], proved that non-
cooperative games, that is, congestion games, always have pure Nash equilibria. Monderer and
Shapley [9] proved that any exact potential game (games are associated with a potential function
that guides the players towards equilibrium) is isomorphic to a congestion game. However, [4]
shows that this requirement that the differences be equal when considering potential functions is
too strict, and argues that using general potential functions, where all that matters is the sign, is
valid.

4.2 Polynomial-Time Algorithms in Restricted Classes

[4] shows that there was a polynomial time algorithm for calculating a pure Nash equilibrium
in the symmetric network case, that is, the case where all players have the same source and desti-
nation. The paper also shows that it is possible to approximate the Nash equilibria of non-atomic
congestion games in strongly polynomial time.

4.3 Complexity of Calculating a Nash Equilibrium in the General Case

The difficulty with finding Nash equilibria is that their proof is non-constructive. [4] proves that
computing a Nash equilibrium in the general network case is PLS-complete (which, intuitively,
corresponds to "as hard to compute as any object whose existence is guaranteed by a potential
function").

4.4 Existence of Nash Equilibria for the Selfish Multicast Problem

In [3], it was noted that the integral mutlicast game is, by definition, a congestion game, and
thus by Rosenthal, has a pure Nash equilibrium. For the fractional multicast game, the potential
function is:

N () Ne+1-] f f
_ e ] ej—1
®=) 2 ¢

ees\ j=1 i=1

(14)
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and because this is an exact potential function, it is isomorphic to a congestion game. Finally, the
weighted fractional multicast problem has a Nash equilibrium, with the proof via Kakutani’s fixed
point theorem [6].

4.5 Complexity of Calculating an Optimal Flow

[17] states that it is possible to compute, up to an arbitrarily small error term, a Nash flow for
a given instance in time polynomial in the size of the instance and the number of bits of precision
required.

5 Techniques

In general, much of the work done at the intersection of theoretical computer science and game
theory utilises linear programming, convex optimisation and approximation algorithms to achieve
the proofs required. However, we also examined a few specific techniques that were particularly
useful in the works examined.

5.1 Lower Bounding the Price of Anarchy with Simple Networks

In order to find the price of anarchy, the literature, such as [18], proves upper bounds for the
price of anarchy, and then shows that this bound cannot be improved upon by way of example,
thus proving that the upper bound is tight. [18] proves that such examples can be realised by way
of the simplest of networks:

¢ For a set ¢ that contains the constant functions, the worst possible value of p is obtained
by a single-commodity instance on a two-node, two-link network (up to an arbitrarily small
additive factor).

¢ Ifwe relax the constraint that ¥ must contain the constant functions, the worst possible value
of p is obtained by a single commodity instance on a network of parallel links.

In fact, the price of anarchy is independent of the complexity of the network topology [16].

5.2 Reducing the Size of a Linear Program

In [Li], the resulting linear program can be exponential to the graph size, thus destroying the
possibility of solving it in polynomial time. The paper utilised two techniques, the second of which
was found to be more effective:

¢ Reformulate an equivalent LP that uses (a polynomial number of) links instead of paths.

¢ Use Lagrangian relaxation, where, generally, constraints are removed and penalties are placed
into the objective function, together with an iterative, subgradient algorithm.
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5.3 Computing the Price of Anarchy

In [2], the authors noted the general techniques used to find the price of anarchy, in both pure
and mixed strategy cases. For the pure case, the authors compared the delay encountered by each
agent to the delay it would encounter if it changes to the optimal route, and these delays were
combined in some weighted fashion. For mixed strategies, the authors considered the latency of
the expected load of each edge, and this was augmented to the expectation of the total frequency.

6 Conclusion

We have described the scene that is at the intersection of computer science and game theory.
Unregulated flows produce calculably worse results than regulated, optimal flows, and this is cap-
tured by the price of anarchy. The price of anarchy can be calculated for networks with different
assumptions. On specific form of flow considered is the multicast routing problem, where several
economic techniques were introduced to influence the selfish agents into globally optimum be-
haviour. Important when working with Nash equilibria, their existence under certain assumptions
was discussed, as well as the occasions when an efficient algorithm for calculating them exist. Fi-
nally, some interesting techniques used in the papers were pointed out as being of potential reuse
in future work.
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