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Integration (Mathematics Extension 2)

This document contains notes about Extension 2 Integration instead of providing a
summary. Examples are given.

Reduction to a standard form

P(x) , Where P(x) and Q(x) are
O(x)

polynomials, use the division transformation and partial fractions.

When the integrand is a rational function of the form

Using implicit differentiation

Using implicit differentiation on something like u?

=x?+1 is easier than deriving

. d _— . -

u=+x*+1 to flndd—u. When substitutions like u? =x*+1 are made, it is necessary to
X

restrict the values of « so that each x-value in the domain of the integrand corresponds to
exactly one value of .

u® =x?+1 x% =u®-1

Zu% =2x (by implicit differentiation)
X

dx—zduz “ du
X -1
X3 '
J. = 1dx
X+
(u2—1 u® -1 U
.
=I(u2 —1Hu
——3—u+c
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Trigonometric substitutions

For integrands involvingva® — x* , use x=asin@ or x=acos@ to simplify the expression.

For x=asing
Va? —x? =\Ja?{1—sin? 6) =|acos §]

Now, restricting a >0 and—%gegg, each x in the domain of va? —x? corresponds to

exactly one value of , and henceva? — x*> =acosé.

Substitution Restriction
x=asin@ or x=acosé a>0 and —%SHS% Ja? —x% =qcosé
T T
x=atané a>0 and _E<9<E va? +x? =asecd
x=asecod a>0 and —ﬂ<¢9§—% or0£¢9<% Jx2—a? =atan®
Example
J.L using substitution x = 2secé
x2Ax2 -4
x=2secd
dx=2sec@tan &l

) dx
x%x? —4

I
J~ 2secHtan Gdo
J

4sec’® Or4sec? 0 -4
2secftand

4sec’ @-2tan 6
1 1

47 secd
=1J.cos odo
4

=lsin 0+c
4
sin6=1-cos’ @

X
secld =—

cosezE
X
x* -4
2

=sin?@=

c.sin@ =

+c

J- dx _
h x*x? -4 4x
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Integrating sec 0 and cosec 6

Jsec alo JCOSec@d@
_ J- secH(secd + tan 0) 0 _ J- cosecO(cosect — cot ) 10
secd +tand cosect —cotd
2 _ 2
:J-sec 6’+sec6’tan6’d9 :J~ cosecdcot@ + cosec Hde
secd +tand@ cosect —cotd
=In|se09+tan6?|+c =In|005ec9—cot9 tc

Using t-results
The substitution tztanE can be used to convert an integrand involving trigonometric

functions into a rational function of .

_ 2
2 cosez1 d tan@ = 2

sind =
1+¢2 1+1¢2 1-t

2

Integrals with Trigonometric Equations (y = cos™x.sin"x)
(Note: m or n is odd)
Example

JsinS dcos* 6d6

= —‘[sin4 6 cos* ad(cos6)

- —J. (1— cos? 0)2 cos” @d(cos6)

= —J. (cos* 0 —2cos® 0+ cos® 0)i(cos6)

=— 1cos5 6’—3cos7 0+1C059 0+c
5 7 9

= —Ecos5 6’+Ecos7 49—10059 0+c
5 7 9

Using Sums and Products

2sinacosb =sin(a —b) +sin(a + b)
2¢0sacoshb =cos(a —b) + cos(a + b)
2sinasinb =cos(a —b) — cos(a + b)

Example
jsin 62 Sin 2xdx

=£J.(cos4x—c058x)dx
2
=E Esin4x—lsin8x +c
2| 4 8
=lsin4x—isin8x+c
16

8

Page 3 of 4



Integration (Mathematics Extension 2)
Copyright © Enoch Lau 2003

Jun 2003

Integration by Parts

[ £()g()dx = F(x)g(x) - [ F(x)g'(x)ax

Examples
J.Sinf1 xdx

=xSin71x—J‘x-;dx

\/1—x2
=xSin_lx—J-24xdx
241—x?

=xsintx—y1-x% +¢
Using the Area of a Circle

Example
T

Ilnxdx

=x|nx—J.x-£dx
X

=xlnx—x+c¢

1
'[0 1—u’du = (This is the area of %of a circle with radius 1 unit)

Further Properties of Definite Integrals

2

2
1. For integrals such as 2f—la’x , use a substitution like u = —x.
2¢" +

2. j F(x)dx = L UF )+ f(=x)Jdx

Proof
Using the substitution u = —x,

jo F(x)dx
__ IO S (u)du
= [ (-u)du
= [ f(=x)ax

3. J:f(x)dx = Laf(a —x)dx

Proof
Let u=a—x
du =—dx

x=0=u=a
x=a=>u=0
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faf(x)dx
= I:f(x)dx + fa f(x)dx
= [+ r=0)ax

L" £ (x)dx

- jo fa—-u)du
- j: f(a—u)du
- jo”f(a —x)dx



