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COMP3310/3610: Theory of Computation
Problem set 2
due 12noon Tuesday October 17, 2006 (week 12)

Total marks: 100. This problem set is 10% of the nal raw mark.
This problem set has 5 questions.

There is dierent set of questions for COMP3310 and COMP3610-

Advanced. Those enrolled in COMP3310 should answer questions labelled N1-N5, and those enrolled in
COMP3610 advanced should answer the questions labelled A1-A5. The questions are listed separately for
the two streams. There are common questions that appear in both problem sets.
Assume that the alphabet is

Σ = {0, 1}

unless stated otherwise. Please submit the University Cover

sheet for an individual project/assignment with your answers.

Collaboration and disencouraged, but please write your solutions on your own

This is an individual assessment; submit your own write-up of your solutions.
cussion of the problems in this assignment is

and list the names of the people you collaborated with for this problem set.

Electronic submissions are much prefered. Please send a pdf of your solutions to tasos@it.usyd.edu.au.
Hard copies (including a signed University Cover sheet for an individual project/assignment )
can be submitted at the School of IT building, 2nd oor, reception area, at the unit coordinator's mailbox
or at the COMP3310 submission box.
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Problem set 2 for COMP3310
N1

(Polynomial time algorithms under assumptions, 15 marks) (Problem 7.36p298)
Show that if P = N P , a polynomial time algorithm exists that produces a satisfying assignment
when given a satisable Boolean formula.
Note: The algorithm you are asked to provide computes a function, but
problems, not function problems. The

P = NP

NP

contains languages/decision

assumption implies that

SAT

is in

P,

so testing

satisability is solvable in polynomial time. But the assumption doesnt say how this test is done,
and the test may not reveal satisfying assignments. You must show that you can nd them anyway.
N2

(Proving

N P -completeness, 20 marks)

(Problem 7.26p297 from Sipser)

You are given a box and a collection of cards as indicated in the picture p297 sipser textbook.
Because of the pegs in the box, each card will t into the box in exactly two ways.

Each card

contains two columns of squares; these are arranged symmetrically on the card, so that if the card
is ipped over, the squares appear in the same places. Now, for a given card, some of these squares
may or may not be punched out. A solution is a placement of cards into the box so that the bottom
of the box is completely covered. Show that the language

P U ZZLE = {< c1 , . . . , ck > |

each

ci

represents a card and this collection of cards has a

solution}
Show that
N3

P U ZZLE

is

N P -complete.

(Aproximation algorithms, 15 marks)
Show how to improve the approximation ratio of the 2-approximation

makespan algorithm to a

1
m )-approximation polynomial time approximation algorithm, where
machines. (10 marks)

(2 −
N4

m

is the number of the

(Approximation algorithms, 25 marks)
A thief breaks into someones apartment. He knows that he has limited time and can only take with
him one load of loot. He has a bag of capacity
valuable items in the apartment is denoted by
(or prot)

pi

and a size

ai .

b with him which we will call a knapsack. The set of
X , and for each xi ∈ X there is an associated value

The thief would like to ll his knapsack up to its capacity with items

that will maximize his prot. The problem is to help out the thief in deciding which subset of items
he should choose to steal.
The maximum

knapsack problem is dened as follows.

Instance: Finite set
and a size

+

ai ∈ Z

X

of items, and for each

, and a positive integer

Desired solution: A set of items
the chosen items,

P

xi ∈Y

Y ⊆X

xi ∈ X , a corresponding value pi ∈ Z+ (positive integer)

b.

such that

P

xi ∈Y

ai ≤ b,

that maximizes the total value of

pi .

Convince yourself that the knapsack problem is

N P -complete

(no need to include this in your

answer).
First, consider the following greedy algorithm. First sort the items according to their value. Then
just add in your knapsack items starting from the most valuable ones until the knapsack is full.
This algorithm will

not give you a good approximation algorithm. Give an example (or examples)

of a knapsack instance (input items their values and sizes) for which the given greedy algorithm is
more than a 2-factor away from the optimal (for example, you could come up with an instance that
you could t items in the knapsack of total value say
whose total value is less than

x

but the given algorithm would choose items

x/4).

Find a polynomial time approximation algorithm for the maximum knapsack problem that achieves
a solution that is at most a factor 2 away from the optimal (a 2-approximation).
Hint: A dierent greedy algorithm will do. Perhaps you can sort the items according to something
more useful that also considers their size.
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N5

(More NP-completeness, 25 marks) (Problem 7.34p298 from Sipser)
A subset of the nodes of a graph G is a dominating set if every other ndoe
node in the subset. Let
it is

N P -complete

DOM SET = {< G, k > |G

by giving a reduction from vertex cover.

3

G is adjacent to some
k nodes}. Show that

has a dominating set with

Problem set 2 for COMP3610 - Advanced
A1

(Polynomial time algorithms under assumptions, 15 marks)
Prove that if

P = NP

then we can factor integers in polynomial time.

Note: The algorithm you are asked to provide computes a function, but
problems, not function problems. The

P = NP

NP

contains languages/decision

assumption implies that the decision problem asso-

P , but the assumption doesnt say how this problem is done in polynomial,

ciated with factoring is in

and the algorithm may not reveal factors. You must show that you can nd a factoring by using
only the fact that decision problems in
A2

(Proving

NP

can be done in poly time.

N P -completeness, 20 marks)

(Problem 7.26p297 from Sipser)

You are given a box and a collection of cards as indicated in the picture p297 sipser textbook.
Because of the pegs in the box, each card will t into the box in exactly two ways.

Each card

contains two columns of squares; these are arranged symmetrically on the card, so that if the card
is ipped over, the squares appear in the same places. Now, for a given card, some of these squares
may or may not be punched out. A solution is a placement of cards into the box so that the bottom
of the box is completely covered. Show that the language

P U ZZLE = {< c1 , . . . , ck > |

each

ci

represents a card and this collection of cards has a

solution}
Show that
A3

P U ZZLE

is

N P -complete.

(Approximation algorithms, 15 marks)
Show how to improve the approximation ratio of the 2-approximation

makespan algorithm to a

1
m )-approximation polynomial time approximation algorithm, where
machines.

(2 −
A4

m

is the number of the

(Approximation algorithms, 25 marks)
A thief breaks into someones apartment. He knows that he has limited time and can only take with
him one load of loot. He has a bag of capacity
valuable items in the apartment is denoted by
(or prot)

pi

and a size

ai .

b with him which we will call a knapsack. The set of
X , and for each xi ∈ X there is an associated value

The thief would like to ll his knapsack up to its capacity with items

that will maximize his prot. The problem is to help out the thief in deciding which subset of items
he should choose to steal.
The maximum

knapsack problem is dened as follows.

Instance: Finite set
and a size

+

ai ∈ Z

X

of items, and for each

, and a positive integer

Desired solution: A set of items
the chosen items,

P

xi ∈Y

Y ⊆X

xi ∈ X , a corresponding value pi ∈ Z+ (positive integer)

b.

such that

P

xi ∈Y

ai ≤ b,

that maximizes the total value of

pi .

Convince yourself that the knapsack problem is

N P -complete

(no need to include this in your

answer).
First, consider the following greedy algorithm. First sort the items according to their value. Then
just add in your knapsack items starting from the most valuable ones until the knapsack is full.
This algorithm will

not give you a good approximation algorithm. Give an example (or examples)

of a knapsack instance (input items their values and sizes) for which the given greedy algorithm is
more than a 2-factor away from the optimal (for example, you could come up with an instance that
you could t items in the knapsack of total value say
whose total value is less than

x

but the given algorithm would choose items

x/4).

Find a polynomial time approximation algorithm for the maximum knapsack problem that achieves
a solution that is at most a factor 2 away from the optimal (a 2-approximation).
Hint: A dierent greedy algorithm will do. Perhaps you can sort the items according to something
more useful that also considers their size.
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A5

(Approximation algorithms, 25 marks)
Given a large collection of protein molecules whose properties we do not quite understand we
would like to build a much smaller set of representatives that we will call representative set, that
summurizes the properties of the entire collection. The properties we would like the representative
set to have, are the following two:

•

The set should relatively small to make it easier to study it

•

Every protein in the full collection should be similar to some protein in the representative set

To make things more precise, let

distance function

d:

P

be a large set of proteins. We dene similarity on proteins by a

Given two proteins

p

and

q

their distance is given by a number

d(p, q) ≥ 0.

In

practice the sequence alignment measure is used typically as a distnce metric. There a predined

∆ that is specied as part of the input to the problem: Two proteins a re considered
d(p, q) ≤ ∆. We say that a subset of R ⊆ P is a representative
protein p ∈ P there exists a representative protein q ∈ R such that d(p, q) ≤ ∆. Our

distance cut-o

similar to one another if and only if
set if for every

goal is to nd the smallest representative possible.
Give a polynomial time algorithm that approximates the minimum representative set to within a
factor of

O(log n)

where

n

is the size of the full collection

P.

Specically, your algorithm should

have the following property: If the minimum possible size of a representative set is
algorithm should return a set of size at most

∗

O(s log n).

be a good start)
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s∗

then your

(Hint: The centre selection problem might

